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(educational research report)

STUDY ABROAD PROGRAMS FOR KOSEN STUDENTS -
REFLECTIONS OF PAST AND PRESENT ENDEAVOURS

Tomek ZIEMBA

Dept. of General Education,

Study abroad programs have always been a point of interest for students interested in foreign
languages and cultures. Specifically for National Institute of Technology (henceforth referred to as
Kosen) students, who are expected to become engineers that can flourish globally, unique study abroad
programs are often found, linking with other engineering-related institutions abroad. However, since the
COVID-19 pandemic in 2020, and border closures leading to a complete elimination of any international
travel, getting back into the pre-pandemic norm is still taking time. This study will reflect mainly on a
post-pandemic program, based on previous efforts, and what should be expected for future excursions.

Key Words : study abroad, student motivation, international exchange, ESL/EFL, CALL

1. INTRODUCTION

This study originates from an international
exchange program between the National Institute of
Technology, Oita College, originally referred to as
Oita National College of Technology, now referred
to more commonly as Oita Kosen. In the originally
published Aoki et al (2009) report, details on an
original international exchange problem were
brought forward, and this program continued for
almost a decade. The program developed over time
to include an outbound program to Singapore
Polytechnic, which started with one faculty and later
expanded to unique programs across each of the
engineering departments from Oita Kosen.

However, in preparation to this study abroad
program, pre-departure orientation sessions were
introduced. These orientation sessions were run by
the English faculty, with the aim of increasing
communicative competence of Kosen students
before going abroad. The pre-departure orientation
sessions were later expanded to include daily
meetings and periodic reflections while on site, as
described in the Ziemba (2016) study, explaining the
detailed processes for study abroad programs that
had evolved, to ensure student satisfaction and
thinking about personal growth before, during, and
after the programs. Oita Kosen then later developed
a language-based study abroad program with the
Ara Institute of Canterbury in Christchurch, New
Zealand.

Originally starting in 2019 at the Timaru
Campus, over a dozen students were taken to a rural
city in which they had homestay experiences, farm
visits, and even had the opportunity to teach about
Japanese culture to local elementary school
students. The high satisfaction rate at the time lead
to the program to be renewed for the next year,
however just days before departure in early 2020,
the COVID-19 pandemic struck, and all overseas
travel was forbidden, and the program cancelled at
the last minute. Staff and students from both sides
were clearly disappointed with the result, but
nothing could be done given the state of the world at
that time. With border closures and strict stay home
policies continuing longer than originally expected,
in early 2022, a renewal of the program was
suggested and then approved even with the
pandemic still being a significant source of concern.

This study will detail the processes of
pre-departure sessions for this mid-pandemic
iteration, daily efforts that were had on-site to
ensure a greater learning outcome by the
participating students, and how the students felt
about the whole process overall. Now that the
pandemic is no longer an active concern, it is hoped
that the experiences throughout this study can be
used in preparing future study abroad programs that
can still be valid, even in case another pandemic
may come forward, or other unexpected and
unpreventable issues may arise.
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2. METHODS

Although there were many steps and sources of
concern throughout the preparation of the renewal of
this study abroad program, for the purposes of this
study, focus will be put on the pre-departure
orientation sessions, the daily activities that were
done throughout the duration of the program, and
the final returnees presentation session. The
pre-departure sessions were based on the original
ones described in Ziemba (2016) based on the
Overseas Study Program Guidebook developed by
Toyama Kosen, which is unfortunately no longer in
publication. Given that the majority of the 33
participating students in this program had never
been overseas before, and thus had no passports to
begin with, fundamental theories had to be
introduced, such as culture shock. The participants
had all heard of the term before but did not have an
understanding as to how it works.
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Fig.1 Culture Shock Timeline (emotion over time)
taken from the “Overseas Study Program
Guidebook” created by Toyama Kosen.

(1) Pre-departure orientation sessions

With the recruitment of students finalized over
the summer vacation, including explaining the
details of the program with the parents present,
assistance from the designated travel agent was also
a great support. The sessions were held once a
month from October to February, with the departure
being in early March, so only 5 sessions were able
to be conducted in advance. Throughout these
sessions, it was essential for the students to start by
getting to know each other, as the participants came
from various grades and engineering departments
from the Kosen college.

Given that Kosen colleges are divided into
40-student classes from various engineering
departments, the groups were set as four to five
students purposely from different classes, with the
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participants ranging from first-year mechanical
engineering students (15 years old) to fourth-year
civil engineering students (19 years old).

October Program overview, group ice breaking
November | Culture shock & having expectations
December | Group presentations on New Zealand
January Placement test & survival English
February Pre-departure final check & travel tips

Fig.2 P pre-departure orientation session schedule.

The first session in October had the aim of
students to become comfortable with getting to
know and work with people they have not before
from within their own college. It is an important
step to break down their initial barriers and
hesitations within their peers before going overseas
and doing similar activities with locals. The students
were then tasked with preparing on their own time
in groups, their expectations of the program,
discussing what they were most worried about and
how they could overcome it themselves, and with
each other’s” support, and finally a simple
presentation in English about New Zealand itself, so
that they can research in advance where they are
going and pick up points of interest from their
perspectives and share the information with the
other participating students.

Throughout the sessions, participants were
encouraged to become comfortable with by
preparing to introduce themselves in English, be
able to give simple responses to predictable
guestions they may get from locals about Japanese
culture, and survival tips, such as how to stop a
Japanese credit card if stolen while overseas.

The placement test was provided by Ara
Institute of Canterbury, based off CEFR levels, and
was conducted online in the form of a
multiple-choice online test that students were able to
do from their own smartphones or laptops. The
results of these tests came back immediately and
used to divide students into levels of which they
would be studying together in on campus in
Christchurch. Thanks to this activity, students knew
prior to departure which one of their peers they
would be taking daily classes with, regardless of
their pre-departure orientation groups.

Finally, a detailed, pocket-sized travel plan
booklet was created by and provided by the travel
agent went into essential information that is often
not considered by first-time overseas travellers,
including customs regulations, and the declaration
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of medicine and other restricted items that vary from
country to country. The booklet included local
emergency contact information, and detailed steps
on what to do in case of emergencies, pages to write
down the daily plans and any other notes of concern,
and a page for the students to prepare an English
translation of any dietary restrictions or medical
concerns they may experience overseas that locals
can refer to with a simple glance.

The most difficult part in conducting these
pre-departure orientation sessions was the gathering
all the 33 students at once face-to-face. Given that
students were from various grades and faculties,
scheduling conflicts would arise, and not all
students were always able to come in-person to the
sessions. Thankfully, the college had prepared early
in the pandemic, a campus-wide broadcasting
system, in which classrooms would have video
recordings available on archive and able to
participate in real time via Microsoft Teams as well,
so in case students were not able to participate
in-person due to illness, or had previous
engagements, students were able to catch up on their
own time, and still collaborate and communicate
with their group members on demand using Teams
as well.

(2) Daily activities while overseas

With the pre-departure sessions complete, daily
communication was promoted as originally detailed
in the Ziemba (2016) study, including daily
meetings, and writing reflective journal entries.
However, given the advancements in technology
since that time and that students were all staying at
various locations across Christchurch, students were
required to make daily posts in a Teams group,
including morning health checks, and diary entries.
These acted like a group-restricted social media
post, in which students must include a photo of
something from that day, and write a detailed post,
to which others were able to interact with and learn
about their peers’ experiences in real time as well.
These posts were found to be useful to promote the
program in real time, as the supervising staff chose
some each day to be included in a daily update
available on the school’s website for anyone to see,
including their class peers and their parents. This
also helped because not all students kept in regular
touch with their parents, and thus were able to see
how their kids were doing through their posts
updated daily on the school website, including
reflections by the supervising staff in Japanese to
explain in detail about some of the content brought
up in the students’ original posts.

(BSF64 11 A)

Fig.3 Example of a daily diary post by a student.

(3) Final presentation session by participants

Upon returning to Japan, students were
encouraged to post no longer daily, but weekly
reflections on how they felt after the program, how
they have grown, what do they miss most, and what
they plan on doing starting the upcoming school
year to make most of their experiences to further
enrich their future student lives. The session was
originally planned to be held at the end of April,
while the students’ memories would still be fresh,
and that the students who were not able to
participate know more about the program and
become interested in joining.

However, due to unforeseen circumstances, the
session was delayed, but thanks to that was also
refined in its content compared to the original plan
of having some students present about their
experiences. Students volunteered to give mini
presentations in English, and the original creator of
the program, who is now no longer at the Kosen, to
come back and see how the program they developed
has grown and give an inspirational speech about
studying abroad. Parents of the participating
students also were present to see their children
present confidently in English in front of a crowd of
people interested in hearing their stories, or also to
participate the next time the program is offered.

At the end of this session, it was decided by the
higher ups, for undisclosable reasons, that the
program would go on hiatus, much to the chagrin of
all the participants in the audience, but an online
survey was also given out to the participating
students, interested students, and parents of the
participants to see how the program — from the
original orientation sessions, to the daily journal
entries and the final presentation session — could be
further improved.
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2. OBSERVATIONS AND RESULTS

The surveys this study was most concerned with
was the participating student feedback, as well as
the feedback from the parents/guardians of the
students who participated in the study abroad
program. The participant survey had 28 questions
about the entire process, from reasoning to
participate, their feedback on the pre-departure
orientation sessions, how best to keep everyone on
track while on-site, and how they expect to use this
experience in their future endeavours. Out of 33
participating students, 23 responded (70% return
rate) with the average time taken to complete the
survey being over 50 minutes, which shows that the
students took their time to seriously respond in
detail to the 28 questions that were provided.

However, regarding the parents’ survey, only 15
responded (45% return rate) to the 16 questions
provided, but also had an average response time of
over 27 minutes, which was shown by the detail
provided in the free response answers given from
the survey. Some specific details cannot be shared in
this paper due to privacy concerns, but a
generalization of the collected responses obtained
was able to be made, that can be used for further
improvements to the program and how it is run from
the recruitment period to post-program.

(1) Survey feedback results — from parents
Starting with the parental feedback, the overall
satisfaction rate of the entire program was at 100%,
with 87% very satisfied and the remaining 13%
satisfied. Parents detailed the creation and daily
updates of the student diaries on the school website
as the highest point of satisfaction, with the most
common reasoning being that it was a way to check
up on how the students were doing in real time,
even if their children were ‘too busy having fun’ to
contact their families via LINE with regular updates.
They also mentioned the comfort in having not
one, but two of the English teachers that have taught
their students previously accompany them on the
program, knowing that they could contact the
teachers directly in case of an emergency after
having direct previous contact with them through
the pre-departure orientation sessions and being the
homeroom teachers of some of the participants.
Furthermore, most of the parents also mentioned
a greater interest in learning English and wanting to
explore other countries and cultures, with parents
mentioning, for example, that their children were
already studying Maori by themselves, or they have
expressed interest in taking English certification
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tests, like EIKEN or TOEIC, without showing any
interest in these kinds of activities prior to their
participation in the study abroad program.

(2) Survey feedback results — from students

The student feedback however was thankfully a
bit stricter. Most students mentioned they wished
they had more pre-departure orientation sessions
(once every two weeks instead of once a month),
because they felt that they did not have enough time
to prepare in advance mentally and linguistically.
They also mentioned that they wished they had
more information about the campus and city life in
advance. There was one campus tour video provided
after the online placement test, but the two
accompanying teachers had not been to the campus
or to Christchurch before, also taking into
consideration that the previous 2019 iteration of the
program was at the Timaru Campus and not the
Christchurch City Campus. This will no longer be a
concern in future iterations. Students, on average,
claimed that it took them two to three days to get
over their initial culture shock and become
comfortable in living in a different country and
communicating in a different language for the first
time. This was shorter than the expected five-day
time frame that was detailed in the pre-departure
orientation session dealing with culture shock.

Most interestingly, they all enjoyed the daily
diary entries conducted on Teams, stating that being
able to see others’ posts in English helped increase
their  reading comprehension and  writing
confidence, and being able to interact and react with
each other’s posts as a motivator for their future
daily posts throughout the program. This is very
reassuring because at first, much like in the original
Ziemba (2016) study, the students felt annoyed and
pressured to have to write something in English and
submit it every day, but they grew to look forward to
doing it and became intrinsically motivated to keep
updating in more detail with longer posts as the days
went on.

Finally, the students also mentioned how they
were not sure how the returnees presentation session
would happen, and that even only a small number of
participating students were chosen or volunteered to
present about their experiences in front of the large
staff, peer and parent audience, they were reminded
of their experiences on the program and wished they
had volunteered to present as well at the session. In
the future, individual presentations could be
replaced by group presentations, based on their
original pre-departure session groups, to give all the
participants an opportunity for one last hurrah and
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confidently present in about their
experiences.

The general audience feedback (those who were
not participants, nor parents of the participants)
showed a very great interest in participating in the
program in future iterations and expressed great
dissatisfaction in the final announcement at the end
of the session that it would not be continued in the

following academic year.

English

3. REFLECTIONS AND CONCLUSIONS

Humphreys & Baker (2021) conducted an
interview-based study on Japanese students and
their intercultural awareness development while on
study abroad programs that focused on various
locations and not just one. Regardless of the positive
outcome of this study, it is not necessarily valid for
study abroad programs in other locations that may
be significantly culturally different  from
Christchurch, New Zealand, such as in Singapore,
where the origins of this study are essentially based
on. Mimicking of this study will be implemented in
future study abroad programs with this Kosen, to
see how further refine the study abroad process can
be achieved in the long run.

Another source of consideration is the latest
study by Tseng et al (2024) reviewing 42 studies
from 1995 to 2019 that were meta-analyzed into
hundreds of various effects in detail, including the
balance of language learning motivators (assumed to
be the main motivator for student participation in
this program) and training sessions held in advance,
much like in this study. Although the data does not
cater specifically to Japanese students’ L2 learning
of English overseas, it reinforces the importance of
long-term student feedback consideration.

Smith & Samuell (2024) also recently published
research into Japanese higher educational intuitions’
policies in study abroad programs from before and
beyond the COVID-19 pandemic. With the Japanese
government and Kosen colleges also focusing on the
catch phrase of ‘fostering the future of global human
resources’ as an ongoing goal, the study also focuses
on the long-term implications of participating in
study abroad programs, such as employment
placement potentials after graduating participants
conduct job hunting. These long-term aspects were
not taken into consideration as part of this study but
can be a great point of appeal for higher grade
students in participation.

As mentioned earlier in this study, a greater
online component in pre-departure sessions could
help the students with their original culture shock
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and feelings of being overwhelmed upon arrival,
regardless of how ‘prepared’ they were made to be.
An interesting option would be like that introduced
in the Hiroike & Yokomizo (2023) study, which had
students from another Kosen (National Institute of
Technology, Tokyo College) interacting with
American university students online using Microsoft
Flip. Students were able to asynchronously
introduce themselves and get replies and interact
with students halfway around the world from the
comfort of their own smartphones. Given that Kosen
students are all registered with Microsoft Teams
accounts, the potential learning curve may not be as
high as using other online interactive software and
are more controlled than simply using social media
services, such as Twitter or Instagram. Interacting
with local Ara students and their Japanese club in
advance can help give students a greater feeling of
anticipation upon arrival, assuring them that they
know someone locally in advance, and take away
from the fear and hesitation the students felt at first
going to their homestay families.

Although there is no guarantee that this exact
Oita Kosen/Ara Institue of Canterbury will continue
annually from now on, having the option to still
conduct online international exchange programs
regularly is a significant point of consideration.
Furthermore, it can expand the possibilities of other
institutions to study abroad with by starting with
online, asynchronous student interactions to further
promote cross-cultural understanding without even
having to step on a plane, let alone leave their
college campus or even their own homes. This field
is currently in high demand for further research and
expansion, and similarly envisioned studies are
intended to be conducted in the near future.
Concurrent iterations of this New Zealand study
abroad program will incorporate a more detailed and
concrete pre- departure program and further
long-term support post return to maximize benefits
of participating in study abroad.

Unfortunately, it seems that the new ongoing
trend is to fully leave the planning and
responsibilities to a travel agent, taking off the
burden of responsibility and other tasks from the
schools and their staff, and having an agent travel
with the students. However, these kinds of
programs, as intriguing as they may be for those in
management positions, cannot guarantee educational
value and significant reflection in students, as these
travel agents are not educators. These programs are
not simply overseas tours — they are opportunities
for students to formatively change their lives even
while on site. This “easy out’ trend must be avoided.
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Non-holonomic distributions and its extremals

Yumiko Kitagawa *

Abstract

A subriemannian manifold (M, D, g) is a differentiable manifold M equipped with a subbundle D of the
tangent bundle TM of M. D is assumed a non-holonomic or bracket-generating distribution. We study some
non-holonomic distributions and its extremals. The geometry on subriemannian manifold is very important
as differential geometry and is closely related also to the control theory.

1 Introduction

This paper is a survey paper on subriemannian geom-
etry and author’s thesis [4] with related topics. We
emphasize abnormal extremals in subriemannian ge-
ometry. The subriemannian geometry is very impor-
tant in differential geometry and it is closely related
to the control theory.

First of all we give a survey on the problem of
length-minimizing paths and explain the abnormal
exremals that does not appear in riemannian geom-
etry but does in subriemannian geometry.

A subriemannian structure on a manifold M is a
pair (D, g) such that D is a smooth distribution on
M and g is a riemannian metric on D. A subrieman-
nian manifold is a triple (M, D, g) such that M is a
manifold and (D, g) is a subriemannian structure on
M. In particular, if D = TM then (M, D, g) is noth-
ing but a riemannian manifold (M, g).

Riemannian geometry tells us that a minimizer be-
tween two points of a connected riemannian mani-
fold (M,g) is a geodesic, provided that the curve
is parametrized by arc-length, and the geodesics are
characterized to be the curves satisfying the geodesic
equation expressed in local coordinates as:

# 4y Tiadit =0,

where 1";'- i denotes the Christoffel symbol. Conversely,
every geodesic is locally length minimizing. In the
formulation of symplectic geometry, the geodesics x(t)
are the projections to the base manifold M of the
integral curves (x(t),p(t)) of the Hamiltonian vector

field E defined on the cotangent bundle T M, where

E is the energy function associated to the metric g.
Now in subriemannian geometry, it is also of fun-

damental importance to study minimizers between

*QOita National College of Technology, Oita 870-0152, Japan.
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two points of a connected subriemannian manifold
(M, D, g). Since the metric g is defined only on the
subbundle D of TM in this subriemannian case, there
is no canonical means to define the length of a general
curve v : [a,b] — M. But we can well speak of the
length of « if v is an integral curve of D, that is, if
’y(t) S Dv(t) for all ¢.

On the other hand Chow’s theorem tells that if M
is connected and if D is nonholonomic (in other word,
bracket-generating), then any two points of M can be
joined by a piecewise smooth integral curve of D.

Hence, especially for a connected nonholonomic
subriemannian manifold (M, D, g), it makes sense and
is important to study the minimizers (length mini-
mizing piecewise smooth integral curves) between two
points of the subriemannian manifold (M, D, g). How-
ever, contrary to the riemannian case, this problem is
very subtle, mainly because the space Cp(p,q) of all
integral curves of D joining p and ¢ may have singu-
larities, while, in the subriemannian case, the space
C(p,q) of all curves joining p and ¢ has no singu-
larity and is a smooth infinite dimensional manifold,
which makes difficult to apply directly the variational
method to the subriemannian case.

For a subriemannian manifold (M, D, g) we define
a normal biextremal to be an integral curve of the
Hamiltonian vector field ﬁ associated to the Hamil-
tonian function E : T*M — R, where F is the energy
function associated with the subriemannian metric g.
We then define a normal extremal to be the pro-
jection to M of a normal biextremal. Then, as in
riemannian geometry, a normal extremal is locally a
minimizer.

However, R. Montgomery ([7], [8]) and I. Kupka [11]
discovered that there exists a minimizer which is not
a normal extremal, and hence called it abnormal. The
appearance of abnormal minimizers in subriemannian
geometry is a surprising and peculiar phenomenon,
which never arises in riemannian geometry.

If D is a distribution on M, then the annihila-
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tor bundle D+, considered as a submanifold of the
symplectic manifold T*M, carries a (singular) char-
acteristic distribution Ch(D1). An integral curve
of this characteristic system Ch(D+) contained in
D+ \{zero section} is called an abnormal biextremal,
of which the projection to M is called an abnormal
extremal .

A rigorous application of the Pontryagin Maximum
Principle of Optimal Control Theory to subrieman-
nian geometry shows that a minimizer of subrieman-
nian manifold (M, D, g) is either a normal extremal
of (D, g) or an abnormal extremal of D.

This was settled the long discussions that had been
made until 1990’s by many mathematicians with er-
roneous statements, and gave a right way to treat the
problem of length-minimizing paths in subriemannian
geometry. The difference between riemannian geom-
etry and subriemannian geometry lies in particular
on the existence of abnormal geodesics. It is known
that abnormal geodesics are characterized as singu-
lar curves of so-called endpoint mapping in control
theory (see Montgomery[8] and §9 of this paper). We
will give a survey on the problem of length-minimizing
paths mainly following Liu and Sussmann [6]. In the
author’s thesis [4], we studied homogeneous subrie-
mannian structures, in particular, we classified homo-
geneous contact subriemannian structures. In our pa-
per [3], we have studied cone structures which arise
naturally from Cartan distributions, in terms of con-
trol systems. The usage of the notion of control sys-
tems enables us to clarify the duality of abnormal
geodesics on subriemannian Cartan structures. Since
control systems are generalizations of distributions, it
is very natural to study homogeneous control systems
and subriemannian structures on them, which will be
treated in forthcoming papers.

2 Non-holonomic distributions

Let M be a differentiable manifold. A subbudle D
of its tangent bundle TM of M of rank r is alterna-
tively called a distribution on M of dimension r, since
it gives a law which assigns to every point p € M
an r-dimensional subspace D, of the tangent space
T,M. A section of D on an open set U C M is a
local vector field X defined on U such that X, € D,
for all p € U. A local basis of D on U is a system
of sections Xi,..., X, of D defined on U such that
{(X1)ps .-, (Xy)p} forms a basis of D), for all p € U.
It is clear that for any point py € M there is an lo-
cal basis of D defined on a neighborhood of py. If

{Xi,...,X,} is a local basis of D on U, then any
section X of D on U is uniquely written:

X:le1+"'+fTXr

with some functions fi,..., f, on U, and we say that
D is locally generated, or defined, by X, ..., X,.
Let D+ denote the annihilators of D, that is, D =
U sz with
peEM

D;:{QGT;M;@,@:Ofor all v e D,}.

Clearly D+ is a subbundle of the cotangent bundle
T*M of rank s, where s = dim M —r. If {w!,... w®}
is a local basis of D+, we say that D is locally de-
fined by the Pfaff system {w!,...,w"} or by the Pfaff

equations:

wlz...

=w’=0.
In this sense, a distribution is also called a differential
system or a Pfaff system.

Given an r-dimensional distribution D on M, one
of the most important problems that has been studied
since the nineteenth century is to study integral man-
ifolds of D. An immersed submanifold f : S — M is
called an integral manifold of D if

f«TsS C Dyssy forall s€ S.
f(s)

Evidently the dimension of an integral manifold is <
r. However, it is not always the case that there exists
an r-dimensional integral manifold.

Definition 1. A distribution D of dimension r on M
1s called completely integrable if about every point py €
M there is a coordinate system (U, (z',... 2")) such
that all the submanifolds of U given by "7 = const,
x"t2 = const, ..., 2" = const are integral manifolds

of D.

7

As is well-known, the Frobenius theorem gives a
criterion for D to be completely integrable:

Theorem 2 (Frobenius). A distribution D on M s
completely integrable if and only if D is involutive,
that is, D satisfies the condition: “For any open set
U C M, the Lie bracket [X,Y] of sections X,Y of
D on U is also a section of D.” Moreover, if D is
completely integrable then the manifold M is a disjoint
union |JLx of the mazimal connected r-dimensional

by
integral manifolds Ly of D, each L) being called a
leaf of D.
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The problem of finding integral manifolds of dis-
tributions which are not completely integrable are
treated by Cartan-Kahler theory.

Now let us proceed to consider integral curves of
D. In order to well analyze the length functional we
had better expand the class of curves to consider to
that of the absolutely continuous curves: A continu-
ous curve v : I — M, I being an interval [a, b] of R, is
absolutely continuous if it has a derivative for almost
all ¢, and if in any coordinate system the components
of this derivative are measurable functions. We then
define an integrable curve of D to be an absolutely
continuous curve 7y : I — M such that 4 € D, for
almost all ¢t € I. An integral curve of D is also called
an integral path, a D-arc, or a horizontal curve.

If {X1,...,X,} is a local basis of D defined on an
open set U C M, then a curve vy : I — U is an integral
curve of D if

() Y(8) = e1()(X1)y) + - + (O (Xr)y0)

for some functions ¢;(t),...,c.(t) for almost all t €
I. Conversely if the function ¢y (t),..., ¢ (t) and (o)
at some ty € I are assigned then the curve ~(¢) is
determined by the ordinary differential equation (x).
In control theory ci,...,c, are interpreted as control
parameters and D (or Xq,...,X,) is regarded as a
control system.

If two points p,q € M can be joined by an inte-
gral curve of D, we say that ¢ is reachable from p, If
D is completely integrable then the set of all points
reachable from p is the leaf passing through p.

Let us now introduce a class of distributions which
are in a sense at the opposite end from the completely
integrable distributions.

Definition 3. A distribution D on M is called non-
holonomic or bracket-generating if for any local ba-
sis X1,..., X, of D on U the collection of all vec-
tor fields {Xi, [X:, X;), [Xi, (X, Xi]],. ..} generated
by Lie brackets of the X; spans the whole tangent bun-
dle TU.

This definition can be rephrased as follows: Let D
denote the sheaf of germs of section of D. Define the
sheaves {D¥};>1 inductively by setting first D! = D
and then

DFFL =Dk 4 DL, D*] (k>1).

Then D is completely integrable if D! = D?, and
nonholonomic if | JD*¥ = TM. This is called a " weakly
derived system”.

At a point p € M, the flag of subsheaves gives a
flag of subspaces of T,,M (the stalks of the sheaves):

D, CD,C---CDy=T,M.

Definition 4. Set n;(p)N = D*,. The integer list
(n1(p),n2(p),...,n.-(p)) of dimensions is called the
growth wvector of D at a point p € M. The small-
est integer r = r(p) such that D", = T,M is called
the step or degree of nonholonomy of distribution at

.
The following theorem of Chow [2] is fundamental.

Theorem 5 (Chow). Let M be a connected manifold
and D a nonholonomic distribution on M, then there
ezists for any two points p,q € M a piecewise smooth
integral curve by which p and q can be joined.

A detailed proof can be also found in [10], or in [9].

3 Example of distributions

3.1 Heisenberg algebra

We now discuss the simplest example of a contact
distribution, whichi is called a ”Heisenberg algebra”.
Let w be the 1-form in R3(z,y,2) given by w =
dz — (xzdy — ydz). For example f; = % — y% and
fo= 8% —|—x% forms s basis of sections of distribution
D which is defined by w = 0. The Lie bracket [f1, fo]
is equal to 2%, so f1, fo and [f1, f2] are linearly in-
dependent at each point. We choose metric g such
that f; and fo form an orthonormal basis of D. Then
triple (R?, D, g) is a (3 - dimensional) subriemannian
contact manifold or (D, g) is a subriemannian contact
structure. In general, contact forms are given by the
formula

0 =dz — Xy;dz;,

where the coordinates z,z;,y; (i = 1,...,n) are in a
2n + 1 dimensional manifold. So contact distributions
must have even rank 2n.

3.2 Engel distributions

Definition 6. A distribution of type (2,4) is said to
be Engel if its maximal growth vector is (2,3,4). A
manifold endowed with an Engel distribution (M,D,g)
is called an Engel manifold, where type (2,4) means
that a rank of D is 2, and dimension of M is 4.
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In a neighborhood of any point of an Engel man-
ifold we can find a local sections (or a local frame)
Xl,Xg such that X17X2,[X1,X2],[X1, [Xl,XQ]] spans
the whole tangent bundle 7M. Using coordinates
x,y, z,w of M the distribution D is defined by

dz —ydz = dy — wdx = 0.

The expression for the distrtibution is called the En-
gel normal forms. D is also called a higher 2-order
contact. We can construct an Engel manifold by pro-
longing a contact manifold of dimension of three.

3.3 Multinet distributions

The Martinet distribution on R?(z, y, 2) is spanned by

the vector fields 8% and 2 + 1422 annihilated by the
1

one-form dz — §y2dx. We can see its growth vector is

(2,3) everywhere except along the plane y = 0, where
it is to be (2,2,3). So D is contact everywhere except
along y = 0.

3.4 Cartan distributions

As was shown by Cartan [1], a generic Pfaff system
defined by three Pfaff equations in the space of five
variables, that is, a tangent distribution D of rank 2
on R® enjoys interesting properties: Its automorphism
group makes a Lie group of dimension not greater than
14, and if the maximal dimension is attained, then the
automorphism group is locally isomorphic to the ex-
ceptional simple Lie group G2 and the tangent distri-
bution D is locally isomorphic to the standard Cartan
distribution defined as follows: Let (x!, 22, 23, 2%, 2°)
be the standard coordinates of R® and let the vector

fields X, ..., X5 be given by:

Xi = g — 550 — (0 5oy
X2—%+%x1823 ( 3_,_%961:62)835
X?’:%’ 4:%7 X5=8;25.

These vector fields satisfy the following bracket rela-
tions:

(X1, Xo] = X3
(X1, X3] = X4
(X2, X3] = X5

The others are trivial

Let us take D to be the tangent distribution
spanned by X7 and X5, that is,

['(D) = (X1, X)}.

Then, choosing a subriemannian metric g on D so that
{X1(p), X2(p)} forms an orthonormal basis of D), we
consider the subriemannian manifold (R®, D, g).

4 Hamiltonian formalism

If M is a manifold and k € {0,1,--,} U {0}, we use
Ck(M) to denote the set of all real-valued functions
on M that are class C*, and V¥(M) to denote the set
of all vector fields of class C* on M.

If N is a symplectic manifold with symplectic 2-

form Q, and H € C'(N), we use H to denote the

Hamiltonian vector field associated to H. ﬁ is the
vector field V on N such that Q(X,V) = (dH, X) for
every vector field X on N. If H € C*(N) and k > 1,

then vector field H is of class C*—1. If H, K € CL(N),
then the Poisson bracket {H, K} is the directional

derivative of K in the direction of H, i.e.,
— — —
{H,K}={(dK,H)=Q(H,K).
Then we have the following formulas
{H,KL} ={H,K}L+ {H,L}K,
{H7 {KvL}} + {Kv {L>H}} + {L7 {H>K}} =0,
and
— — —
HK=HK+ KH.

Note also the fact that the map H — ﬁ is a
Lie algebra homomorphism from (C*(N),{,}) to
(V(N), ,])-

The cotangent bundle T*M of a manifold M has a
natural symplectic structure determined by the 2-form
Qnr = dwas, where wyy is the Liouville form given by

wi (2, A)(v) = (A, dmpy (v))

mys being the projection T*M — M. Relative to a
coordinate chart

for v € T(L)\)(T*M),

T*[Q:($1,...,$n7>\17"'7)\’ﬂ)

induced by a chart x = (z?,...

the formulas

WM = Z )\jdxj,
J

,x™) on M, we have
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To each vector field X on M we associated the func-
tion Hy : T*M — R given by
Hx(q,\) = (A X(q)) for AeT;M.
Then Hyx is of class C* if and only if X is. Moreover,
drty (Hx(z,)) = X(x) for all (z,\) € T*M
The identity
{Hx,Hy} = Hixy)

holds for X,Y € V1(M), and therefore the map
X — Hx is a Lie algebra homomorphism from
(Ve (M), [,]) to (C=(T"M),{, }). .

If X € VI(M) then the vector field H x is called
the Hamiltonian lift of X.

5 Normal extremals

Let (M, D, g) be a subriemannian manifold. If (p, \) €
T*M, then the restriction A|p, of X to the subspace
D,, of T, M has well-defined norm, since D), is an inner
product space. We will use ||\l to denote this norm.
The function E : T*M — R given by

1
Bz, X) =~ 5 Al
is the energy function of the subriemannian structure

(D, g).

Definition 7. A normal biextremal of a subrieman-
nian structure (D, g) is a curve T' : I — T*M such
that

(i) T 4s an integral curve of the Hamiltonian vector
—
field E, namely

I'(t) = Erg)

(ii) E does not vanish along T'.

A normal extremal is a curve in M which is a pro-
jection of a normal biextremal.

Theorem 8. Let (M, D, g) be a subriemannian man-
ifold. Then every normal extremal is locally length
minimizing.

This theorem is non-trivial, but the proof is sim-
ilar to that of riemannian case. However, contrary
to the riemannian case, the converse of the theorem
does not hold. There appeared several papers assert-
ing that every minimizer of a subriemannian manifold
is a normal extremal. But Kupka [5] and Montgomery
[8] proved that there exists a subriemannian manifold
and a minimizer of the subriemannian manifold which
is not a normal extremal. Such a minimizer is called
an abnormal minimizer. In the following sections we
will give a characterization of the abnormal minimiz-
ers.

6 Characteristic system

Let (N, ) be a symplectic manifold. For a submani-
fold S of N we define the characteristic system (bun-
dle) Ch(S) of by

Ch(S) =TSN (TS)*,

that is, the fibre Ch(S)s on s € S is given by
Ch(S)s = TS N (T:S)*,

where

(TsS)* = {v € T.N;Q(v,u) = 0 for all u € T,S}.

Let Fi, ..., F, be local defining equations of S, say,
defined on a neighbourhood U of sy € S such that

(dF1)s, ..., (dF,)s are linearly independent for s € U
and
UNS={F = =F =0}

From the very definition of Hamiltonian vector field
we see immediately that

— —
{(Fl)Sv T (Fr)s}
forms a basis of (T59)* for s € U. Hence we have

L(Fr)s).

Let Qg = 159, where 15 : § — N is the canonical
inclusion, and let:

Nulls(2g) = {v € T5S; Qs (v,u) = 0 for all u € T ST.

Ch(S), = T.S N ((FY)s, ...

Then it is clear that
Ch(S)s = Null;(Qg).
‘We then have:
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Proposition 9. For a submanifold S of a symplectic
manifold (N,Q), the characteristic system Ch(S) =
QSCh(S)S C TS is given by:

Ch(S)s = T.SN(T,S)*
=4

(TSS) N ((F1)s,
= Nulli(Qg)

If dim Ch(S); is constant, then Ch(S) is a completely

integrable subbundle of T'S.

(B

The last assertion of the proposition follows from
the exactness of the symplectic form.

7 Abnormal extremals

Let (M, D,g) be a subriemannian manifold. Recall
that we denote by D= the annihilator bundle of D
and by Ch(D+') its characteristic system.

Definition 10. An abnormal biextremal of (M, D, g)
is an curve I' : I — D\{O} (O denoting the zero
section) such that T'(t) € Ch(D*)ry for almost all
t € I. An abnormal extremal of (M, D, g) is a curve
in M which is a projection of an abnormal biextremal.

By using the Pontryagin Maximam Principle on
Control system, it is shown that the following the-
orem holds (see [6], p.81, Appendix B).

Theorem 11. Let (M,D,g) be a subriemannian
manifold, and let v : [a,b] — M be a length-minimizer
parametrized by arc-length. Then v s a normal ex-
tremal or an abnormal extremal.
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iki_chisui/01/2.pdf
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https://www3.city.kurume.fukuoka.jp/shisei/21 9_1/index.
htm#pdf
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https://youtu.be/N1e850sChuA
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