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ON BEHAVIORS OF CELLULAR AUTOMATA WITH RULE 58
UNDER THE BOUNDARY CONDITION 0-1

Tatsuro SATO

Dept. of General Education

In this paper, we treat the behaviors of 1-dimensional finite cellular automata with a triplet local
transition rule 58 having the fixed boundary condition 0-1. The behaviors of CA-58(n) were observed by
computer experiments, and some formulae on the limit cycle and the transient length were found out. The
purpose of this paper is to give theoretical proofs to above formulae.
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1. INTRODUCTION

Cellular automata were initially introduced by J.
von Neumann as theoretical models to demonstrate
a system capable of self-reproducing organisms and
universal computation in 1950sD. From 1980s
downward, cellular automata have been realized
again as a theoretical model of complex system by
S.Wolfram and the other physicists. And many
researchers have investigated and applied them.
Cellular automata have very simple structure. While
cellular automata obey simple transition rules, their
behaviors are very complicated. The complication is
caused by interaction between cells and is similar to
behaviors of complex systems as fractal and chaotic
phenomena. The importance of cellular automata
seems to increase in the fields of mathematics,
physics, biology, computer science, economics and
S0 on.

Various cellular automata have been analyzed
concerning one dimensional and two dimensional
cellular automata, cellular automata with a cyclic
cell array or a linear cell array and so on. Wolfram
classified 1-dimensional cellular automata into four
complex classes according to patterns generated by
the synchronous dynamics, a homogeneous state, a
set of separated simple stable or periodic structures,
a chaotic pattern and complex localized structures
which are sometimes long-lived23),

Investigating behaviors of cellular automata, we
think that the transient length and the period length
of limit cycle are important concepts. Cellular
automata having limit cycles of period length 1 or 2
were investigated by Inokuchi et al.4. So first, we

aimed at cellular automata having limit cycles of
period length 396.1891011) By computer
experiments, we observed that there were seven
cellular automata having limit cycles of period
length 3 except cellular automata with threshold
rules, 24, 27, 46, 57, 58, 130 and 152. And we
investigated their transient length and period length
of limit cycle. Secondly, we investigated cellular
automata with threshold rules. There are 38
threshold rules except for symmetric, reverse and
symmetric reverse rules, 0, 1, 2, 3, 4, 5, 7, 8, 10, 11,
12, 13, 14, 15, 19, 23, 32, 34, 35, 42, 43, 50, 51, 76,
77, 128, 136, 138, 140, 142, 160, 162, 168, 170,
178, 200, 204 and 232. And we reproved that
their period lengths of limit cycles are 4 or less and
we proved that their transient lengths are 3 x
(cell-size)-4 or lessi2)13),

2. PRELIMINARIES

In this section, we define 1-dimensional finite
cellular automata and introduce notations used in
this paper.

Cellular automata treated in this paper have
linearly ordered and finite number cells bearing with
states O or 1. The next state of any cell depends on
the states of the left cell, the cell itself and the right
cell. In this section, we will formally define cellular
automata CA-R(n) with rule number R of triplet
local transition rule fand n cell array.

Let Q be a state set {0, 1} and n a positive
integer. The complement of a state acQ will be
denoted by a’, that is a=1-a. The n-th cartesian
product of Q is denoted Q" in other words, Q" is the
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set of all n-tuples consisting of 0 and 1. For
example,
Q3={000, 001, 010, 011, 100, 101,110, 111}.

DEFINITION 2.1
The triplet local transition rule is a function f :
Q3_>Q, and the rule number R of f is defined by

R — z 24a+2b+c f (abc) ]

a,b,ceQ

Usually the triplet local transition rule of rule
number R is denoted by rule R for short.

DEFINITION 2.2

Let 1={1, 2, --- , n} be a set of cells. We call
n-dimensional vector space Q" a configuration
space. And a configuration is a vector Xx=(X,

X2, ..'!Xn) € Qn'

The positive integer n is called cell-size. Usually a
vector (Xq, Xo, ***, X,) denotes X; X,* * * X, for short.

DEFINITION 2.3
The global transition function & is defined as
follows;

O (X1 Xz * %) =(f( @ X1 X2)F(X1 X2 X3) * = * F(X1 Xn 5))
wherefisruleRand «,f e Q.

We call a pair (¢, ) a boundary. We say that the
boundary condition is cyclic if and only if = x,
and B =X, and the boundary condition is fixed if
and only if ¢ and g are fixed. We say that the
boundary condition is a-b if ¢ =a and B =h.

CA-R, ,(n) denotes an one-dimensional cellular

automata such that n cells exist and its transition
rule R and its boundary conditionis - 3.

DEFINITION 2.4
Let x be a configuration of CA—R, ;(n). The

configuration x is on a limit cycle of period length T
if there exists a positive integer s such that & °(x)=x,
and T=min{s>1| s °(x)=x}. And the configurations
x(1), x(2), -+, x(T-1) form a limit cycle of period
length T if x(i+1)=¢ (x(i)) and x(T)=x(1), and x(i)
is on a limit cycle of period length T where
1<i<T-1.

A limit cycle of period length T is denoted by a
T-cycle, in particular, a limit cycle of period length 1

is denoted by a fixed point. And a number of a limit
cycle of period length T is denoted by y. (n).

DEFINITION 2.5
h(x) is defined as follows ;
h(x)=min{s>0] § °(x) is on a limit cycle}.

Then the transient length H(n) of CA—R_ g (n) is
defined as H(n)=max{h(x)|xe Q"}.

DEFINITION 2.6
The symmetric transition rule f* : Q* - Q of a local
transition rule f is defined as follows;
f* (abc)=f (cha)
for all triples abc e Q°.

DEFINITION 2.7
The reverse transition rule f ° : Q*— Q of a local
transition rule f is defined as follows ;
f °(abc)=[f (@b¢)]=1-f (1-a, 1-b, 1-C)
for all triples abc < Q*.

Let rule R and rule R* be the reverse and symmetric
rule of rule R respectively. It is trivial that f *=f and

R*=R+56(ry-rg)+14(r-ry) and f °°"=f, f *°=f °#
and R"=255-(128 ry+64r,+32 1,416 r3+8 ry+4 rs+2
Fg+ r7) Where rya.o0.c=f(abc) for all triples abc e Q°.
Then, we can identify CA—-R’,_s(n) and

CA-R"s-.(n) with CA-R,_,(n). So,
CA-R, 4(n) . CA=R’s—5 (n) . CA=R"sa(n)

and CA—R" s, (n) can be identified with each
other.

Considering the reverse rule, the symmetric rule and
the symmetric reverse rule, 256 triplet transition
rules can be classified into nonequivalent 88 groups.

In addition to above definitions, the notations in this
paper are as follows;
k— —
a‘=ga-*--a(a=0or1l).
k¥times
Let A be a subsequence.
A=AA- - -A.
k-times
- [A), :sequence composed of | bits taken from the
left edge when some A's are arranged.

* (A]; :sequence composed of I bits taken from the
right edge when some A's are arranged.
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% . an arbitrary bit.

The state of i-th cell of a configuration x is
denoted by x;.

Xoand X,.; mean the left and right boundary of x
respectively. That is, in CA_Ra—ﬂ(n) Xo=a

and X,1= f3 .

3. BEHAVIORS OF CA - 58,4(n)

A finite cellular automaton CA-58, 4(n) treated in
this section has the following triplet local
transition rule f by the definition of the rule number:
111 110 101 100 011 010 001 000

0 0 1 1 1 0 1 0
because 58=2°+2+23+2°,

LEMMA3.1
For any configuration x of CA-58y.,(n), ¢ (X) does
not contain the subsequence 1111.

Proof.
We set & (X)=y and ViYinYisoYira=1111 (1<i<n-3).
Then, we have Xx;;XX;;;=001, 011, 100 or 101 for
yi=1.
M In the case X;.1%;X;+1=001 or 101
For vi.1=1, we have x;;,=1. But this contradicts
Yi+o=1 as f(11 % )=0.
(i) In the case X;.1XX;+1=011
This case contradicts y;,;=1 as f(11  )=0.
(iii) In the case X;.1XiXj»1=100
For yiaVis =11, we have X.Xj;3s=11. But this
contradicts y;,5=1 as f(11 % )=0. O

COROLLARY 3.2
For any configuration x of CA-58,.(n), we set

S (X)=y. Then, we have y,y,y;# 111.

LEMMA 3.3
For any configuration x of CA-58;,(n), we set

ok (x) =y where k>2. Then, we have Y, ,y,.1y,7 111.

Proof.

We set Y, YnaYs=111 and & **(x)=z. Then, we have
Zn-3Zn-22n-1Z,=1111. But this contradicts lemma 3.1 as
k-1>1. O

LEMMA 3.4
For any configuration x of CA-58y4(n), &*(x)

does not contain the subsequence 000 where k> n-2.

Proof.

We set 5 (X) =Y, Yi¥inYir2=000 (1<i<n-2) and
5*(x) =z. Then, we have z;.,2i.,2i.s=000, 010, 110
or 111 for y;,,=0.

(i) In the case z;,12;4,Z;:3=010
This case contradicts y;,;=0 as f(* 01)=1.
(i) In the case z;,42j:,Z;:3=110 or 111

For vi.1=0, we have z=1. But this contradicts
lemma 3.1 as k-1>n-3.

(iii) In the case z;,12;.,2i.3=000
Only this case is suitable by z;,z;=00. Then, we
have z;.12iZi+1Zi+2Zi+3=00000.

(ili-a) Inthe case i-1>n-(i+2) i.e. 2i>n-1
We set ¢ “I"*2}x)=w. Then, we have W, W,
w,=000. As k-{n-(i+2)}>k-(i-1) > n-2-(n-3)=1,
we have k-{n-(i+2)} > 2. Therefore, this case
contradicts lemma 3.3.

(iii-b)  In the case i-1<n-(i+2) i.e. 2i<n-1
Considering Xxyx,x3=000 for y,y,y;=000 where
o (X)=y, we have ¢ “*2}x)=0" and
k-{n-(i+2)} >m-2-(m-3)=1. But no predecessor
of 0" exists. Therefore, this case is irrelevant. O

LEMMA 3.5
For any configuration x of CA-58y4(n), &§*(x)

does not contain the subsequence 111 where
k>2n-5.

Proof.

We set 5%(x) =Y, Y¥inYio=111 (1 <i < n-2),

5t (x)=zand §*?(x)=w. Then, we have z,7z.,

=001, 011, 100 or 101 for y;=1.

0] In the case z;.,2;z;,,=001 or 101
For vi,1=0, we have z;,,=1. But this contradicts
Yiro=1 as (11 % )=0.

(i) In the case z;.,2iz;,,=011
This case contradicts y;,;=1 as f(11 % )=0.

(iii) In the case z;.12;z;,1=100
For ViiVisx =11, we have z,7j.5=11 i.e. 7,7
Zi+1ZisoZizs=10011. Then, we have wi,w;,w;=001,
011, 100 or 101 for z;4=1.

(iii-a)  In the case w;,w;_;w;=001 or 101
For z=0, we have w;,;=0. But this contradicts
Zi+1=0 as f(10 = )=1.

(iii-b)  In the case wj_,w;,w;=100
For z=0, we have w;,;=0. But this contradicts
lemma 3.4 as k-2 >2n-7.

(iii-c)  In the case w;.,w;.,w;=011
For zj,, z;4,=01, we have w;,;w;,,=10 considering
f(10 +)=0. For z;,3=1, we have w;,3w;,,=01 or 11.
Therefore, we have w;,w;;- - -w;.,=0111001 or
0111011. Repeating this operation, we set
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0 ¥ (x)=u. Then, we have uuu;=111. But
this contradicts corollary 3.2 because of k-2(i-1)
>2n-5-2i+2>1. 0

LEMMA 3.6
For any configuration x of CA-58,.(n), 5k(x)
does not contain the subsequence 00 where k >2n-4.

Proof.
We set §*(x) =y, Yi¥1=00 (1 <i<n-1) and
5**(x) =z. Considering lemma 3.4 and lemma 3.5,

we have z;,2;z;,,=010 or 110 for y;=0 as k-1>2n-5.
But this contradicts y;.,=0 as f(10 % )=1. O

LEMMA 3.7
For any configuration x of CA-58y.4(n), &%(x)

does not contain the subsequence 1010 where
k> 2n-6.

Proof.

We set §%(X) =Y, Yi¥ierieYiss=1010 (1<i<n-3)

and 5**(x)=z. For y=1, we have z,zz,,=001,

011, 100 or 101.

(M In the case z;.;z;z;,;=001 or 101
For yi.1=1, we have z;,,=0. For v, yi+s=10, we
have z:3z;+4=10 considering lemma 3.4. Thus,
we have zj.1Zi:9Zi+3Zi+4=1010.

(i) In the case z;.12iz;;;=100
For vy;,1=0, we have z;,,=0. But this contradicts
lemma 3.4 as k-1>2n-7.

(iii) In the case z;.,z;z;,;=011
For Vi.Vi,=01, we have z;,,2;,;=01 considering
f(11%)=0 and lemma 3.4. For y;,3=0, we have
Zi:a=0. Therefore we have zj.1Zi:,Z;+3Zi+4=1010.
Repeating the above, we set § “{™(*3}(x)=w.
Then, we have W, 3W,,W,1W,=1010 where
k-{n-(i+3)} > 2n-6-(n-4) > n-2. Moreover we set
o 0=y, For w,,w,=10, we have
UnoUnqU,=011. But this contradicts w,,=0 as
f(x01)=1. O

COROLLARY 3.8
For any configuration x of CA-58y.4(n), &%(x)

does not contain the subsequence 0101 where
k>2n-5.

Proof.
We set §%(X) =Y, Y¥ietieaYis3=0101 (1<i<n-3)
and 5**(x) =z

(i) In the case i>2
We have ziz;,12i1,Zi:3=1010 considering lemma
3.4 and f(11=)=0. But this contradicts lemma
3.7 as k-1 >2n-6.

(i) In the case i=1
We set 2,2,2;2,0010 and 572 (x) =w. Then, we
have w;w,w;w, ws=00010. But this contradicts
lemma 3.4 as k-2 >2n-7. O

LEMMA 3.9
For any configuration x of CA-58,.(n), we set

5% (x) =y where k> 2n-4. Then, the followings hold;

1. y=[110);, [101), or [011);.
2. Above three configurations make a limit cycle.

Proof.

Considering lemma 3.4, lemma 3.5, lemma 3.6
lemma 3.7 and corollary 3.8, we can construct the
configuration y as follows ;

011011011--- = [011);
101101101- -+ = [101):
110110110 -+ = [110);

It follows that

6 ([011),) = [110),. ¢ ([110),) = [101), and
& ([101)7) = [011); by direct calculations.
Especially, we set x=[1110); . Then, we can show
that 5% (x) =(110]' [1110); , by induction on i.
Let i=n-3, then we have 2" (x)=(110]"_,111,
5%"°(x) =(101]; ,100 and

52" *(x)=(011];_,011=(011];

(011)'=[011): n=3l
=< 1(011)'=[101)" n=3I+1
11(011)'=[110); n=3I+2.

And the last configurations are configurations on a
limit cycle by lemma 3.9. O

Finally, we have the following theorem about
CA-58¢.4(n).

THEOREM 3.10
CA-58;.1(n) has a unigue limit cycle of period length
3 and its transient length is 2n-4.

4. CONCLUSIONS

As conclusive remarks, we could show that
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CA-58,.,(n) has a unique limit cycle of period length
3 and its transient length is 2n-4. There are some
future tasks. The first is to investigate CA-58 (n)
under the other fixed boundary conditions 0-0, 1-0
and 1-1. The second is to investigate 1-dimensional
cellular automata with threshold rules under free
boundary conditions'4). And the last is to investigate
1-dimensional cellular automata with reversible
transition functions considered as a special type of
quantum cellular automatal® and 2-dimensional
cellular automata with reversible linear transition
functions using von Neumann neighborhood.
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